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ABSTRACT: We argue that in the infrared regime of continuum Yang-Mills theory, the
possibility of a mass gap in the charged sector is closely associated with the center vor-
tex sector.

The analysis of the possible consequences of the ensembles of defects is done by showing
that the description of center vortices and monopoles is naturally unified by means of a
careful treatment of Cho decomposition.

If on the one hand confinement is usually associated with monopole condensation in a
compact abelian model, in this scenario, the previous decoupling of the off-diagonal degrees
of freedom, for the abelian model dominate at large distances, can be understood as induced
by a phase where center vortices become thick objects.

Other important scenarios for correlated monopoles and center vortices, observed in lattice
simulations, are also accomodated in our general formulation.

KEYWORDS: [Confinement, Duality in Gauge Field Theories, Solitons Monopoles and

[nstantond.

© SISSA 2008


mailto:oxman@if.uff.br
http://jhep.sissa.it/stdsearch
http://jhep.sissa.it/stdsearch

Contents

Introduction

=

~ =
=

Cho decomposition in the presence of defects

Monopoles as defects of the local color frame

& =X

Center vortices as defects of the local color frame

@ E
=

Nonabelian transformations in terms of Cho variables

=

Yang-Mills charged fields in minimally coupled form
b. Yang-Mills action

.9 Gauge fixing

E. General ensembles of defects
[ Singular terms
[J Correlated defects

BEE BEEE

[ Q0]

Effective model

S

Conclusions

=
FN

Covariant derivative in “abelianized” form

=

]

Decomposition of “pure gauge” fields

1. Introduction

In the last years, many ideas have been put forward in order to tackle the problem of
confinement in pure Yang-Mills theories. A variety of scenarios such as dual superconduc-
tivity [[[-[F, abelian dominance [, [, center dominance [f-[I0], the implementation of a
Gribov horizon [[LT], [J], and the infrared behavior of the gluon propagator [L3, [4], have
been explored.

In the mechanism of dual superconductivity, the QCD vacuum is expected to behave
as a superconductor of chromomagnetic charges, which implies the confinement of chromo-
electric charges.

This nice mechanism is realized in the SU(N) Georgi-Glashow model in (2 4+ 1)D,
where Z(N) vortices condense [B], in pure compact QED in three and four dimensions,



which contain monopole-like singularities [[5, [[f], and in N' = 2 supersymmetric Yang-
Mills theories [[L7].

In SU(N) pure Yang-Mills theories, one of the main problems to implement the above
mentioned mechanism is the identification of the magnetic objects that could condense.
For instance, monopoles can appear in the abelian projection, where a gauge fixing con-
dition that diagonalizes a field that transforms in the adjoint representation of SU(N) is
considered [[[§]. Monopoles also arise naturally in the representation proposed in refs. [
and [[[9-[R4], where the gluon fields are decomposed along a general local color direction
7, with the advantage that no particular gauge fixing condition is invoked in this case.
In these scenarios, monopole condensation has been analyzed in the lattice, by measuring
different disorder parameters [2§]-[B§], and theoretically, by studying the effective action
for the magnetic background (see 29| and references therein).

In the mechanism of abelian dominance it is conjectured that the infrared description
of SU(N) Yang-Mills theories is dominated by the N — 1 abelian gauge fields that live in
the Cartan subalgebra, a phenomenon that has received support from lattice studies [B(].
It is generally believed that this phenomenom is a consequence of the generation of a mass
gap, decoupling the charged “off-diagonal” degrees of freedom at large distances. In this
work we will refer to abelian dominance as the generation of this gap.

On the theoretical side, abelian dominance, in the above mentioned sense, has also
been discussed in the MAG (see refs. [BI], B3] and references therein). On the other hand,
in ref. [I9), an “abelianized” form for the Wilson loop in SU(2) Yang-Mills theory has
been presented, not relying on any particular gauge fixing condition. However, in this
scenario, based on the consideration of Petrov-Diakonov representation for the Wilson
loop integral [BJ] and the field decomposition along a general local color direction, the
charged sector is still coupled.

The combination of abelian dominance and the identification of monopoles that con-
dense in an effective abelian theory would provide a physical understanding of confinement
in Yang-Mills theories. This is the reason why both ideas have been also explored simul-
taneously. For instance, in refs. [B4, BY], lattice simulations evidenced a dual Meissner
effect together with an underlying effective Abelian theory for the SU(2) confining vac-
uum. Abelian dominance in the confining part of the static potential coexisting with clear
signals of the dual Meissner effect, in the flux-tube profile between a quark-antiquark pair,
has also been observed [B{].

Recently, lattice studies pointed to the idea that other magnetic defects or degrees of
freedom could also be relevant in the nonperturbative sector of pure QCD. The inclusion or
elimination of percolating center vortices, imply quite different phases displaying confine-
ment or deconfinement, and presence or absence of spontaneous chiral symmetry breaking
(see [0 and refs. therein).

In fact, scenarios only based on either monopoles or center vortices are only partially
successful to describe the behavior of the confining potential between quarks. For instance,
besides linearity, they should account for N-ality dependence at asymptotic distances and
Casimir scaling at intermidiate ones. One advantage in favor of the center vortex picture
is that it would explain N-ality as well as it is compatible with Casimir scaling. On the



other hand, the monopole picture together with abelian dominance displays some numerical
success (for a review, see ref. [f]).

One promising scenario that could accomodate the different behaviors corresponds
to considering configurations where center vortices and monopoles are correlated. This
correlation has received support from lattice simulations [B7-[BY where center vortices
have been observed to end at monopole worldlines.

Although, at present, we still do not know which are the more important magnetic
defects to be taken into account, it has become clear that confinement has to do with
the identification of the proper class of them, and the evaluation of the consequences the
different associated ensembles may imply on the infrared sector of Yang-Mills theories. This
is reinforced by recent theoretical results for pure Yang-Mills theory in the maximal abelian
gauge (MAG) [[[4], first observed in the lattice [i(], where the nonperturbative information
is restricted to the consideration of the Gribov horizon and the possible dimension two
condensates. There, the gluon and ghost propagators have been shown to be infrared
suppressed. If on the one hand this behavior can be associated with the absence of gluons
in asymptotic states, it also raises a question about the origin of the long range interactions
responsible for quark confinement.

The aim of this article is twofold. Firstly, we will present a careful treatment of
Cho decomposition [@, @]7[@] when defects are present in the local color frame ng, a =
1,2,3, needed to decompose the gluon fields. Indeed, by looking at the possible defects
of the complete local color frame, we will be able to discuss not only monopoles but
also center vortices in a natural and unified manner. Both objects can be associated
with different types of defects the frame 74, a = 1,2,3 can posses. This is in contrast
to what happens when trying to describe defects by means of topologically nontrivial
“gauge” transformations. While monopole-like defects can alternatively be introduced
with a nontrivial transformation, as is well known, thin center vortices cannot, as the
required SU(2) transformation would not be single valued along a class of closed curves,
and the associated discontinuity would introduce an additional ideal vortex localized on
a three-volume, besides the desired center vortex, localized on a closed two-dimensional
surface (see refs. [, [9)).

Secondly, we will write the Yang-Mills partition function, including the ensemble of
monopoles and center vortices coupled with the gluon fields. In this manner, we will be
able to write an effective model where possible nonperturbative information associated
with gluon fluctuations is parametrized in the ensembles. Up to this point, the discussion
will be general and it could accomodate in the continuum anyone of the important above
mentioned scenarios. At the end, we will discuss the possible relationship between abelian
dominance and a sector of physical center vortices.

In section [, we obtain the possible singular terms that can appear in the field strength
tensor when working with Cho decomposition and local frames containing defects. In
section B and f|, we show that monopoles and center vortices can be naturally unified
as different topological sectors for these frames. Nonabelian transformations in terms of
decomposed fields are discussed in [, while SU(2) Yang-Mills theory in minimally coupled
form is discussed for the maximal abelian gauge in section . In section [], we derive



a dual description of Yang-Mills theory that incorporates all the topological sectors. In
section [§, we obtain an effective model for the ensemble of defects and dual fields, showing
the possible feedback of defects on the gluon sector of the theory. Finally, in section [J, we

present our conclusions.

2. Cho decomposition in the presence of defects

In SU(N) Yang-Mills theory the action is given by,
Sym = % / d'z tr (FuwFu),  Fu =FgT% (2.1)
where T a = 1,..., N? — 1 are hermitian generators of SU(N) satisfying,
{T“,Tb} —ifabere, 4 (TOTY) = %5@”. (2.2)

As usual, the field strength tensor can be written in terms of the gauge fields A%, a =
1,...,N?—1,

FNV = (Z/g) [D/u Dl/] ) Du = 8u - igAZTa7 (23)
Ff, = 0, AL — 0, A% + gf " AL AT . (2.4)

For SU(2), the generators can be realized as T* = 7%/2, a = 1,2,3, where 7% are the
Pauli matrices, and the structure constants f%¢ are given by the Levi-Civita symbol €.

We will also use the notation,

—

Fu = 0,4, — 0,4, + gA, x A,, A, =A%é,,  Fu =Féq, (2.5)

where €, is the canonical basis in color space.
We take as starting point a general local frame in color space, 4, a = 1,2,3, which
can be parametrized by means of an orthogonal local transformation R € SO(3),

fla = Ré,. (2.6)

This frame can be used to represent the gauge field ffu in terms of Cho decomposition,

5 1 . .
Ay = AMq — 57X Ot + ), A XM =0, (2.7)
ﬁa.ﬁb = 5ab7 a, b= 1, 2, 3, n= ﬁg. (28)

The restricted potential is defined as (see [[19] and references therein),

Ay =An — éﬁ X Oy, (2.9)

)

As this is already an SU(2) connection, under gauge transformations X',(ZL transforms in

the adjoint.



When dealing with a general configuration containing monopoles, the associated Dirac
worldsheets, and center vortices, we will have to introduce a local frame containing defects
in Euclidean spacetime. Depending on whether these configurations correspond to thin
or thick objects containing a core, the parametrization above will be valid on the whole
Fuclidean spacetime, or only outside the core. In the first case, we will have to deal with
singular terms concentrated on the thin objects. In the second case, many results obtained
for thin objects will also serve as an approximation for the contribution outside the cores.
This comes about as the possible terms localized at the core boundaries, that may occur
when manipulating the action, can be approximated by working on the whole Euclidean
spacetime, including singular terms concentrated at the position of the cores.

Therefore, we consider Cho decomposition (R.7), defined on the whole Euclidean space-
time, and compute the field strength tensor,

Fu = 0,A, — 0,A, + gA, x A, + gX[ x X" + D, X" — D, X", (2.10)
D, XM = 9,X +gA, x X, (2.11)

v

keeping track of all the possible singular terms that may arise in the calculation. For the
contribution associated with the restricted potential, we have,

2 1 -
OpAy — A, + gA, x A, = FDi — ga,m X O,f + g[ﬁ.(a,m x Oy 0)]f + Ly, (2.12)

_ 1
F =0,A0" —0,A, L, = —aﬁ X [0, 0] = L, ~y + L2, g, (2.13)

where we have emphasized that EW is orthogonal to n. This term is concentrated on
two-dimensional surfaces, and could be nontrivial only for local frames containing defects
in the color direction 7 (see the discussion in section [f).

Now, as the second term in eq. (R.13) and the term Xﬁ") x X in eq. (R.10) are
necessarily along the n direction, we can write,

Fu = (F + HE + Ku)iv+ Gy + L, (2.14)

Q2
Il

- A 1. e o
=D XM —-D, XM, Hfﬁ):—gn.(aunxﬁun), K=gn.(X,xX,). (2.15)
The tensor G, have been computed in [, [d-BJ and turns out to be orthogonal
to 7, that is, it can be written in the form (_j,w = G}Wﬁl + waﬁg. When singularities
are present, this result remains analtered. For completness, in appendix A we include the
calculation of the covariant derivative of X p=X }ﬁl + Xﬁﬁg, where it is obtained,

DX = [0, X, — g(AD + CN X2 + [0, X2 + g(A) + CM) X[ ]ho,  (2.16)

1
e = —Em.am. (2.17)

On the other hand, while in refs. [I9]-[R3], H, ,(Z,ﬁ) has been equated with 8MC,SN) -0, ,Sn), to
obtain simpler “abelianized” expressions for the field strength tensor, when dealing with
gauge fields containing defects this relationship must be revised. In fact, when defined



on the whole Euclidean spacetime, both quantities differ by relevant singular terms (see
section f). This difference can be obtained by noting that,

1

9,C5M — 9,05V = —g[au(m.a,,m) — 8,,(71.0,72)]
= —é[aum.amg — B,71.0)hg) — ém.[au, A, (2.18)

Now, using 0,n1.11 = 0, 9,n9.119 = 0, we can write
’ o s Y ) ;

Ouiny = apig + Bih,  Ouhy = atny + Bin, (2.19)
that is,
1 1, )
9,05 — 9,0 = = 18080 = B8] = <. [0, 0, e (2.20)

On the other hand, noting that 7 = 17 X N9, we have,

8u’fL = 6“7%1 X Mg + Ny X 6“7%2
—Bii — Bana, (2.21)

thus obtaining,
(it x 0,0) = [8,8; — BL5,] = —g(0,C5" = 0,C) — i1.[9, 0, ]a, (2.22)
or, comparing with (2.1§),

H = 8,0 — 0,04 + Df,

D) = ém.[au,a,,]ﬁg. (2.23)
Then, we see that the difference is nontrivial when the color directions 71, 719 contain de-
fects.

If the frames were regular, from eqs. (R.13) and (R.23), we would have EW =0,
D,, = 0, and substituting in eq. (2:14), we would obtain the abelianized “noncompact”
simpler form given in ref. [[9-[RZ,

—

In what follows, we will study eqs. (B.14)-(R.2J), exploring possible ensembles of defects
and its consequences. In particular, to study magnetic defects, it will also be convenient to
consider the associated dual expressions, defining the dual tensors using lower-case letters.
For instance, the dual form of the first equation in (R.23) reads,

hi) = hi) +d() (2.25)
B = %EWUH,@, ) = CupaB,C, dll) = %eu,,,,(,p,ggx (2.26)



3. Monopoles as defects of the local color frame

The Yang-Mills action is invariant under regular gauge transformations S € SU(N),

-,

AT = SA,. TS+ (i/9)S0,87',  Fy,.T =SF,.TS™", (3.1)

thus implying the color currents,

Jo = ge"™ AV P, (3.2)
which at the classical level satisfy continuity equations, when computed on the equations
of motion in Minkowski space. The associated conserved charges Q% satisfy a simple
transformation property, when gauge transformations that assume a constant value S, at
spatial infinity are considered,

QT — SoQ TS L. (3.3)

On the other hand, if on a given background ffu, a nontrivial “gauge” transformation
is introduced,

AUT =UA, TU " + éU@HU_l, (3.4)

where U € SU(2) is a topologically nontrivial mapping single valued along any closed loop,
the Yang-Mills action changes. In particular, the field strength for A—)g is,

. o _
Fo, T =UF,TU " + ;U[@u,&,]U L (3.5)

As is well known, monopole-like defects can be described by considering the parametriza-
tion (B.4), which is not a simple gauge transformation. That is, the fields A_E and ffu are
not physically equivalent, because of the second term in eq. (B.5), which is concentrated
on a two-dimensional surface where U is singular. Moreover, if this parametrization were
only valid outside the region where the singularites are concentrated, the field strengths
would be equal on this region, but A—B and .Afu would still be globally inequivalent. Singular
terms can be accepted as long as the associated action is finite, or at least finite results are
obtained after integration over trivial fluctuations around the singular background.

In order to make contact with Cho decomposition, a frame m,, a = 1,2, 3, induced by
the nontrivial single valued U, can be introduced,

UTU™ =, T or, 1, =R(U)é,. (3.6)
This frame can be parametrized in terms of Euler angles,
U= e_iaTSB_iﬁT2e_i7T3, R(U) = eO‘MSeﬁM%'YMS, (3.7)

where M, are the generators of SO(3).



Using the result obtained in ref. [[g] (in appendix B, we present an alternative deriva-

tion),
. ) .
éU@MU‘l = - (c,gmm + S aum> T, (3.8)
|
C/Sm) = —gml@mm, (3.9)
we obtain,
- N 1 R N R -
AT = [(A;j — ™Y — 57 u + Al + Aimg] T. (3.10)

That is, we have,

A m), 1 A~ v (m
A = A, = Al )m—gmx8“m+ ), (3.11)
if we identify,
A = A3 —c(m XM = Al + Alig. (3.12)

Both representations (B.4) and (B.11) are equivalent when describing monopoles. How-
ever, as discussed in the next section, while (B.4) cannot be extended to take into account
center vortices, the consideration of Cho decomposition and an appropriate extension of the
class of frames defined by the single valued U’s in eq. (B.6)), will also be useful in that case.

Now, let us consider an example, which will serve as a clue for the inclusion of center
vortices in the framework of Cho decomposition. As already discussed in refs. [[9]-[2,
monopole-like singularities in the connection can be described in terms of a defect occuring
in the color direction m. There, the consideration of A,(Lm) =0, X;,=0,a=1,2and a
hedgehog form m = +7 (color direction correlated with space direction) leads in 4D to a
“static” Wu-Yang monopole. In 3D Euclidean spacetime this type of configuration is called
an instanton.

A straightforward calculation, using eqgs. (R.15) and (2.26¢]), leads to,

47
Gm = /dsi hé’f) = :F?, (3.13)
that is m = 7 ("h = —7) corresponds to an anti-monopole (monopole). The factor of two,

with respect to the magnetic charge of a Dirac monopole, is associated with the nonabelian
nature of the fields.

A configuration m = g = 7 can be obtained with a = ¢, 8 = 0, where ¢ and 0 are the
polar angles defining #, and any choice for v can be considered, as R és is v independent.

For instance, we can choose v = —y. In this case, near § = 0, R ~ I, so that the frame
is not singular in the north pole on a spherical surface around the origin. On the other
hand, when 0 ~ 7, using Ro(m)R3(y) = R3(—~)Ra(r), we get, R ~ [R3(¢)]>Ra(7), so that
around the south pole my, Mo is obtained from a 2¢ rotation of —é;, és, along the third
axis. Then, we see that C’flm) in eq. (B.9) is singular on a (Dirac) worldsheet placed on the
negative z-axis for every (euclidean) time.

Indeed, the calculation of C;(Lm) gives (see ref. [I9)),

1
C;(]”) = g(cos BOua + 0u), (3.14)



and the choice of v is associated with the position of the Dirac worldsheet. In particular,
with the choice v = —¢, U is single valued along any closed loop, as required in eq. (B.4).
In this case,

1
Cﬁm) = ;(COSQ — 1), (3.15)

and we verify that this determination is well defined on the positive z-axis, while the Dirac
worldsheet is on the negative z-axis for every Euclidean time. In particular, if we go to a
region close to the Dirac worldsheet (6 ~ ), we have,

2

o

Summarizing, while monopoles can be associated with nontrivial m = mj3 configu-
rations, Dirac worldsheets, carrying flux +47/g, can be associated with two-dimensional
defects for the associated My, My components of the local frame. In the next section we
will show that general configurations, including center vortex defects, can be handled in a
similar manner.

4. Center vortices as defects of the local color frame

Center vortices in SU(N) Yang-Mills theory are essentially defects in the connection such
that the Wilson loop variable gains an element of the center Z(N) when the defect is linked
by the Wilson loop, while it is trivial otherwise. In 4D (3D) center vortices are localized on
closed two-dimensional surfaces (closed one-dimensional strings), as this type of defect is
the one that can be linked by a loop. In a thick center vortex the defining properties above
are valid for Wilson loops passing up to a given minimum distance § from the defect.

The simpler example is,

1
ACT® = P 5%, (4.1)

for p > 0 (outside the vortex core), and a different profile for p < §, contributing non-
trivially to the Yang-Mills action. Here, ¢ and p correspond to the polar coordinates
around the two-dimensional surface formed by the z-axis, for every Euclidean time, where
the vortex is placed. For thin center vortices, § — 0.

If a loop C passing up to a distance § of the center vortex is considered, the Wilson loop,

W(C) = (1/2) tr Pexp (z’g 7§ dqu;;Ta/g), (4.2)

gives W(C) = cosm = —1, if the vortex is linked, and W (C) = 1, otherwise.

Unlike monopoles, that can be parametrized as in eq. (B.4)), center vortices, even out-
side the vortex core, cannot be introduced by means of a nontrivial “gauge” transformation.
This comes about because in order to generate a profile of the type given in eq. (1)), outside
the vortex core, it would be necessary to consider an SU(2) transformation parametrized
ip T3

by e . However, as this mapping is not single valued, we would have,

o . 1
ée"pTi”(?ue_“pT3 = gﬁugp §%3T* + ideal vortex, (4.3)



where the additional term (the so called ideal vortex) is localized on the three-volume
where the transformation is discontinuous (see refs. [, {2]).

On the other hand, we will see that outside the cores, similarly to what happens with
monopoles and their associated Dirac worldsheets, center vortices can be represented by
appropriate frames containing defects. For this aim, in the case of thick objects, we will
call M the manifold outside the vortex cores. Its complement, M = R* — M, corresponds
to (thick) closed two-dimensional sheets where the physical center vortices are localized. If
the vortices were thin, we could work on the whole Euclidean spacetime, including possible
singular terms in the calculations, as we have done with the Dirac worldsheets.

The possibility of matching general nontrivial configurations containing monopoles,
the associated Dirac worldsheets, and center vortices is evidenced by parametrizing the
gauge fields on M in terms of Cho decomposition, based on an extended class of frames
Nlq, obtained by introducing a V-sector on top of the previously considered monopole
description. That is, extending U — VU, we define the frame n,, a = 1,2, 3,

VOT*(VU)™' = vUT U W =7,.T. (4.4)
fa = R(VU)é, = R(V)R(U)éq = R(V)ihg.

The defining property of V' € SU(2) is that it is not single valued along any closed
loop. When following a loop on M, we have,

Vy=er" v, (4.6)

where ¢ = 1 or ¢ = 0, depending on whether the center vortex is linked or not.
For example, we can choose V' inducing a rotation that leaves m invariant,

V = et (4.7)

where 7, changes by 27 when we go around the center vortex once. Note that we can
also write,

VU = e ™UBUT Y =UVy,  Vgy=e Ts, (4.8)

In other words, the consideration of VU amounts to the extension of U by considering

¥ =+ (cf. eq. (B7)).
With the parametrization given by eqgs. ([L) and ([L.7), we have,

fa = Bon(30) titas Ron() = €™M, (4.9)
that is,
a=m, A =hm, (4.10)
and using eq. ()7
1. ) R m v
c = _§Rm 1Ry (Duiiz) + (0 Ron)iia] = C™ + O, (4.11)
1 1 1
O = i duina, O = i (B QuRyins = Dy (412)

— 10 —



That is, C,(f) gives the center vortex profile outside the core, with no additional ideal
vortex, as R,, is always single valued when we go around a closed loop. That is, although
VU is not in general single valued, the associated local frame n, is, as for the adjoint
representation, R(VU) = R(—VU).

In other words, while monopole-like defects are associated with a nontrivial IIy for
the space of directions n, we can think of center vortices as the natural defects a frame
can have, due to the nontrivial fundamental group of the adjoint representation of SU(N),
needed to define the local frame to decompose the color degrees of freedom.

In this regard note that in SU(N) Yang-Mills theories, a center vortex will be associated
with V € SU(N), defined outside the core, such that it changes from V to €*>™/N V when
a loop z(u) linking the vortex is followed. When we go around a closed surface, following
the loop, we define an open path in the fundamental representation of SU(N), (VU)(u),
and a nontrivial closed path R(u), R = R(VU), in the adjoint representation of SU(N).
This comes about as VU and ¢2"/NVU both define the same R transformation. If this
path is composed N times we get a trivial map, as it is associated with a closed path in
the fundamental representation of SU(N), whose first homotopy group is trivial. Then,
the fundamental group of the adjoint representation of SU(N) is Z(N), which labels the
possible charges of center vortices.

Summarizing, the description of monopoles, Dirac worldsheets and center vortices
becomes unified, however, we have to keep in mind that, from the point of view of gauge
transformations, Dirac worldsheets and center vortices are quite different, thus opening
the possibilitity to different behaviors, such as observable vortices vs. unobservable Dirac
worldsheets. Note that on an open two-dimensional Dirac worldsheet the components 74
and 7o rotate twice when we go around a loop passing close and encircling this surface.
However, this worldsheet is expected to be unobservable. For instance, in the example of
section [, we can change it from the negative to the positive z-axis by considering an S
gauge transformation of the background field that corresponds to a rotation with angle
2¢ (cf. eq. B4). Although this transformation is singular on the z-axis, it is in the trivial
topological sector of SU(2), as it can be continuosly deformed onto the identity map. On
the other hand, in the case of center vortices, 711 and no rotate once when we go around
a loop linking them and, as already discussed, this cannot be associated with a nontrivial
“gauge” transformation.

The identification of defects in the gauge fields with topological sectors for the local
frames will simplify the discussion relative to the interplay between the different degrees
of freedom of the theory.

5. Nonabelian transformations in terms of Cho variables

From the discussion in the previous sections, the general ansatz on M including monopole
and center vortex defects will be given by Cho decomposition (R.7), with 7, defined by
eq. ([.4). Using the results obtained in section P, the dual field strength for this decompo-

— 11 —



sition is given by,
1 . R R
fow = ewpo e = (F1) + h() + )i+ (¢ + U7 + (ghY + 17 )iaa, (5.1)

where the tensors in lower-case are the dual ones associated with F,SZ), H ,(ﬁ), K, G and

LI in eqs. (ET3)-(ETA). That i,

1 1 -

f,l(lz) = §EHVPUFp(g'L)7 leﬁl + llﬂ/f@ = §€NVPO'L“V7 kH«V = gEﬂVPUX;Xg’ (52)
giw _ uupa[a Xl (Ag n) + C’( )) ]
ggl/ _ uypcr[a X2 _‘_g(AE)n) _1_0( )) ], (53)

see also eq. () Then, for thick vortices, the Yang-Mills action can be written as,

SvMm = SM + S, (5.4)
S = [ U A R R G 69

The term Sj; gives the contribution coming from the vortex cores. As already discussed,
when vortices are thin, this term is absent and the replacement M — R* must be considered
in eq. (6.9)-

Although Cho decomposition assumes an abelianized form, specially when we look at
a local color frame containing no defects, and the fields Afln), Xﬁn), (see eq. R.29), it is
important to keep in mind that the full nonabelian degrees must be represented in this
formulation, as it is equivalent to the underlying Yang-Mills theory.

In section [f, we will take AL"), X ,S") as independent variables, so that it is important
to discuss how nonabelian gauge transformations can be translated into “abelianized” lan-
guage. Let us consider a gauge transformation of the gauge field /Y“ given in eq. (),
decomposed in terms of a general frame n,, possibly containing monopole and center vor-
tex defects,

AT = 5<A§7>ﬁ = éﬁ X Ot + Xp) TS+ ésaus—l (5.6)

Because of egs. (R.7), (£.10) and (B.€), we can also write,

AS 7 _ n m)\ s v(n)] mo—1 i -1\ g1 i -1
AT = S[(AP + i+ X(M].TS +§S(U6HU 57!+ 250,8

1
= S[(AD) + C)iv + X}y + X2 7o) TS + = (SU)GM(SU)‘l, (5.7)

and using again eq. (B.6), we get,

—

el n 1~/ 2 A et m’) ~ A ~ =
AT = (A + Cm™yi! + X il + X2 i) T — <q§ )m/—l——m'xaum/).T,

Al T = Shg. TS™',  m/.T = S, TS (5.8)
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Note that according to appendix B, the color directions 1/, a = 1,2, are the ones neces-
sary to compute C,S ), while 74 = m/. From eq. (b.§), and using ﬁa.f = Vma.fV_l (see
section [i), we also obtain,

- _ ‘/,'/Th;'jv"‘//—l7 V/ — Svs—l — e—i’yvsm.fsfl _ e—i'\/um’.f. (59)

That is, 7’ = 1/, and the gauge transformed field is,
AS = Al — ﬁﬁ’ X O + Xy + X i, (5.10)
AP = AW+ ofm — ), al, = R(S) . (5.11)

Now, using eqgs. (5-5), (2-25) and (f.10) we see that the effect of a nonabelian gauge trans-
formation in the Yang-Mills action is,

Svm = Sy + S (5.12)
Sy = / AUz [(F0) + R — B 4 b 4 k)? (g4 4+ U8+ (g8 + 15

=7 / d'z[(F5) +hi) +dii) =) kP4 (1 1)+ (9" +157)%), (5.13)

where in the expressions for ¢’", a = 1,2, depending on Agll) + C’fln/) (cf. eq. (B-3)), we
used egs. (1)) and (f.12), and a similar one derived from eq. (f.9),

n/ m/ 1
C}(L ) = C;S ) + ga/f}/vy (5.14)
to obtain the invariance,
AP+ o) = A + (M — o) + o) = AV + o). (5.15)

Of course, when the frames are regular, it is evident that the action is gauge invariant.
In turn, if gauge symmetry is preserved, the only additional terms, when comparing Sy,
and S, (cf. egs. (B.3) and (B.13)), must correspond to a change of the (unobservable) Dirac
worldsheets (see section [7).

6. Yang-Mills charged fields in minimally coupled form

If in the previous section, we consider a gauge transformation S, representing a frame
rotation with regular angle y, leaving the local color direction 7 invariant, eq. (5.11]) gives,

, 1
A(") — A(") — =X, (6.1)

1t 1t g
d( m') d(,,) =0, and I'"" = 14". If the defects are chosen such that the singular terms /5"
a = 1,2 are nulified, a rotation of the basis elements 71, fo can be translated to a U(1)
rotation of the components X, !  X; 2 (leaving the basis elements fixed),

AL n ;(L") g(‘)ux, ¢, — eixtI)M, (6.2)
1
b, = — Xl +iX}). 6.3
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Then, in order to associate the fields ®, with a well defined charged sector, we will take
7 as the direction in color space associated with those defects localized on closed strings
(monopoles), while the defects in 74, a = 1,2 will be associated with Dirac worldsheets
and center vortices. In this case, as the n sector does not contain defects localized on

""" a=1,2 vanish.

two-dimensional worldsheets, the singular terms 15",
Note that this ensemble of defects is invariant under regular gauge transformations.
In addition, if a singular gauge transformation S along the direction 7, living in the trivial
topological sector of SU(2), is considered, the term deZL’ —deZL') in eq. (.13) will in general be
nonzero, representing at most a trivial flux 47 /g, concentrated on a closed two-dimensional
worldsheet (see the example in section [J).
Now, in order to emphazise the abelian aspects of the decomposition, let us introduce

the first order formalism, and define the MAG gauge condition.

6.1 Yang-Mills action

The Yang-Mills action can be written as,

1 v v v v
S = Syt [ dn L)+ 4 kool + )

1 1
4 n n 2 —V IV
=Su+ | d'e h(f}; +hii) + k) + 580" | (6.4)
where we have defined,
1 v - v Vpo . n n
g = E(gﬁ‘ +igh') = P[0, + ig(Al + C(M)]®,, (6.5)
by = %EWU(&),@U —,3,), (6.6)

with @, given by eq. (6.3).
Introducing real and complex lagrange multipliers, A,, and A,

SM =
=5 + d4.17 —1)\ A — (n) + h + k + 1J! A( ) + C(n)
c | nZaynz (f ) 1 ( m m ) )

1- - =
S. = /M d*z [iA“”AW — %(A%W"@m + A‘“’e“”paapfbo)] ) (6.7)
Here, we can read the action for charged fields minimally coupled to the U(1) color current,
i - i -
P L g+ L g (69
Note that the U(1) symmetry now reads,

AELn) - Aftn) — Oux; 0, — NPy, Ay — €9y (6.9)
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6.2 Gauge fixing

With regard to gauge fixing, we will adopt, for the charged part on M (for a discussion in
the context of Cho decomposition, see ref. [iJ]),

D, XM =0, (6.10)
while for the diagonal fields, we will consider,
Ou(AM + M) = 0. (6.11)

These conditions can be imposed by means of lagrange multipliers b= b111+bong, B, for the
gauge fixings (p.1() and (6.11)), respectively, and including in the path integral the factor,

oi o @' 180, (AL + OS85, K] (6.12)

In addition, we will have a Fadeev-Popov determinant, exponentiated by means of the
associated ghost fields ¢ = ¢y 4+ canio and ¢. The action for the ghosts contains a term
quadratic in ﬁm

/ d*z&*.D,D,¢, (6.13)
M

where ¢* 111 4 Cang. This term can be linearized by introducing additional auxiliary

=cC
fields @ = af'fy + ab g, and a factor of the form,
; 4 = N = 4, = x =
eszd x (@, Ductec) o— Sy dizd,; X (614)

As shown in ref. [B1], 4], the renormalization procedure typically introduces additional
quartic ghost terms and other terms coupling the ghosts and the charged fields )2,“ con-
taining up to linear terms in ZA)M.

Using eq. (R.16), we can rewrite eq. (f.10) as,
D, =0, D,d,=0, (6.15)

where we have defined,

Dy =0 +ig(A) +CM), D=0, —ig(AP + M), (6.16)
and the factor (p.19) results,
STty RPN 5 1 ‘
Gidar [ga#(Au +cf; )+bD#‘1>#+bDu<I>u]7 b= - (by + ib). (6.17)
V2
Now, using a formula like (P.16), for ﬁ,ﬁ,
Dyé = [Buer = g(AY + CiY)ealis + [Buca + g(AT) + C)erliia,  (6.18)
the factor ([.14) takes the form,
o S @ [a Ouer—g (AL + O sl +al Dpca oA +CI el wee] - [ dizard, (6.19)
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The important point is that the gauge fixing part of the measure depends on the combi-

nation A,(f) + C,Sn), and can be written as,

. (n) (n)
Fyr = gcf et Jar d*a (ALY +C) )K“7 (6.20)

where F' gcf is independent of A,(f)

, collecting all the other factors and the integration measure
for lagrange multipliers, ghosts and auxiliary fields, while K* = 0#3 + - - -, besides these

fields, also depends on ®,,.

7. General ensembles of defects

As we discussed in sections [ and [}, one advantage of using Cho decomposition to para-
metrize the gauge fields is that monopoles and center vortices can be represented on the
same footing, by means of a general local color frame containing defects. On the other hand,
it is important to remark that while monopole defects can alternatively be associated with
topologically nontrivial “gauge” transformations, thin center vortices cannot, as a gauge
transformation using an SU(2) transformation multivalued along a closed loop would also
introduce an ideal vortex concentrated on a three-volume.

This opens the possibility of two different behaviors. While open Dirac worldsheets
carrying flux 47 /g remain unobservable, if gauge symmetry is preserved, no symmetry is
present to protect thin center vortices from a destabilization into physical thick center vor-
tices.

The use of monopoles and center vortices as a reasonable phase on top of which gluon
fluctuations can be included depends on their stability. In turn, this stability can be studied
by means of the path integration over gluon fields in the given background, and analyzing
if log Zvm aquires a real part due to effective bound states of the charged fields. In that
case |Zym|?, the probability to persist in the fundamental state of the theory, in a given
background, would be less than one, thus signaling instability.

In ref. 9], the stability of different magnetic configurations have been analyzed to
one loop in the gluon fields. Although some controversy exists with regard to the stability
of center vortices in this approximation [ig], lattice simulations [f] point to the idea that
they become observable physical objects, with a thickness of the order of 1fm. That is, the
thin center vortices are expected to be stabilized by generating a finite radius (see also the
discussion in refs. [[]] and [E4]).

On the other hand, monopoles lead to an unstable phase, which is expected to be stabi-

lized by including monopole-monopole interactions (for a review see [[[7] and refs. therein).

a
lu,?
be introduced to decompose it. In refs. [[I§, [9], Cho variables have been incorporated by

In general, for a given gauge field A%, a = 1,2, 3, many different local frames 7, can
including, in the partition function for Yang-Mills theory, an identity written as an integral
over local color directions 7, satisfying n.n = 1, and then showing that the Jacobian of the
transformation,

Ay — AP XM,
is trivial. The integration over n and the constraint can be represented as an integration
over single valued U transformations, defining 7 = 7 = g through eq. (B.). In our
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case, this integration includes a summation over different classes of U’s, implying different
locations for the monopole singularities. with a given prescription for the associated Dirac
worldsheets, to be discussed below. In addition, the center vortex sector will be given by
an additional summation over classes of Vs, producing distributions of center vortices, on
top of the monopole configurations.

Then, according to the previous discussions, gauge fields with defects will be taken
into account by considering Afln), X ﬁ, Xﬁ as regular fields, and using the parametrization
summarized by eqs. (R.74) and ([4), defining a local color frame 7., a = 1,2, 3, contain-
ing monopoles, the associated Dirac worldsheets, and center vortex defects. In particular,
according to the discussion in section [, the Yang-Mills partition function can be repre-
sented as,

Zym = /[DV] [DU] [DA(”)][D<1>]Fgf e~ SYm

_ /[D}\] [DV] [DU] [DA(n)] [D@] [DA]Fng e_SM_SC_f]\/I dix %Auu)\uu X
i g @4 (5w (18 +h{E) )= TE (A + O] (7.1)
Jéu = Ju‘i‘Kuv (72)

where appropriate boundary conditions are implicit in the path integral measure (finite
temperature periodic conditions, etc.).
It will also be convenient to consider the following parametrization,

A = Oudy — Oy + B, (7.3)
with,

Oudu =0, 0y B, =0, (7.4)
also replacing in eq. ([7.1]),

[DA] — [DB][D|F, 1 Fy, (7.5)

where F f} is the part of the measure fixing the condition 9, B, = 0,
FE = [Dg, et 4260 B (7.6)
and Fff is the part of the measure fixing the gauge d,¢, = 0,
F?, = [DeJel o s0nn, (7.7)

We recall, that in the case of thin center vortices, we have to consider S;; = 0 and
M — R* On the other hand, for thick center vortices, the path integral measure in
eq. (1) must also include a gauge fixed path integral over the fields on M, inside the
vortex cores. In this case, at the boundary of M, the gauge fields and the gauge fixing
conditions must be matched with those given in eqs. (R.7) and (B.10), respectively.

Now, we can integrate by parts the term containing fuﬁ) and note that because of the

AL") path integration, a constraint is implicit here for the fields defined on M,
1

1
Jg = §€uypaau)\p0' = ie/ﬂ’PUa’/Bpo’ (78)
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which implies,
duJt = 0. (7.9)

That is, we can consider the replacement,
d'z Jrcm P W e/ 0 7.1
T Ly m — fnaeuupoupau- (7.10)
M M
Again, integrating by parts and using eqs. (2.25) and (B.26) we arrive at,
Zym = / [D[DV][DU|[DA™][DS][DA]Fg; ¢S5 =Se= far %0 52w
XeifMd4x{(%ewpgau)\pa—Jﬁ)A&n)+%>\Mu(dffu)+k,w)+8u[%(AS,”)-i-C((,n))sMVW)\W]}’ (7'11)
where [D)] is given by eq. ([.H).

7.1 Singular terms

Because of egs. ((.10)—(.19), the contributions to d,(f,ﬂ), associated with the monopole and

vortex ensembles, become separated,

d) = h) — b = di +d), (7.12)
where,
din) = h) — h(m), (7.13)
v 7 (v 1
dfw) = _hfw) = _Ee,uupoapao%)- (7.14)
Let us first discuss dff,,n) by considering the example in section J, where /g = 7. The
difference between hm) and ﬁm) = eu,,p(,apcé") is associated with singularities in the
behavior of C,Sm). Close to the Dirac worldsheet, C,Sm) = —gaucp + regular term (see
eq. (B.16)), and because of the singularity of ¢ on the z-axis,
~(m m a7
hy = g - ?5(2) (21, 72)0(—x3)di3, (7.15)
m 47
d(()l) = ;6(2)(331,@)9(—3:3)&3. (716)

That is, in the whole Euclidean spacetime, the only difference between h(()zn) and ﬁé;n) is
that the “field lines” of the second are closed.

Of course, in 4D the monopole above corresponds to an infinite string-like defect,
placed at & = 0, at every time xg, which defines the border of the open two-dimensional
Dirac worldsheet. In general, the relevant monopole string-like defects, having infrared

)

contains an additional contribution concentrated on an open two-dimensional Dirac world-

sheet (the string-like monopoles are at the border) such that, 8,,?1,(3}) = 0, everywhere. As

finite euclidean action, must be in fact closed strings. In this case, the difference d,(f,}
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a consequence,

~ 4 Oz, Ox 0x,, Ox
dm) — p(m) _ j(m) _ dod ptv T v ) s(4) (g
v v v g 01002 901 Doy Doy Doy (z — z(01,09))
= —4; d*0,, 6W (x — z(01, 09)). (7.17)

Here, (01, 02) is the Dirac worldsheet for a monopole anti-monopole pair.
Considering that o9 € [0, 1] corresponds to the periodic direction,

xu(ala 0) = xu(ala 1)7
while o1 € [0, 1] corresponds to the open direction, we obtain,
47 0 [Ox 0 [0x
Ld™ = =2 | doyd A el U5 CO N IS il U {CO)
0 H g 71472 <80'1 <802 Ooy \ 0oy

— ar doydos i (%5(4)>
g 0

o1 \ Ooo
4 ox ox
- |4 hd2) W (r — 2(1 e ) 5@ (p —
g o)) < 80’2 ot (.’L’ ‘T( 702)) 60'2 a0 (‘T .’L’(O, 02))
Am (4) (4)
= — dy, 6"V (x —y) — dy, 0"V (x —y) |, (7.18)
g c+ c-

where C* (C'7) is the loop where the monopole (anti-monopole) is localized.
Similarly, as +, is singular on a closed two-dimensional surface, changing by 27 when
we go around it, when eq. ([.14) is extended to the whole Euclidean spacetime, d,(ﬁ,) is

nontrivial, and for a general center vortex,
2m Oz, Or Oz, Ox
d(”):—/dd pov o v ) s (e —
H g 71472 <801 0oy  Oog 0oy (z = 2(01,02))
2

= a0, 6@ (z — x(01,09)), (7.19)

where z(01,09) is the closed two-dimensional surface ¥ where the singularity is concen-

trated. In this case, as the surface is closed, proceeding as in eq. ([(.1§), we obtain,
8,d®) = 0. (7.20)

7.2 Correlated defects

As mentioned in the introduction, according to lattice studies, the relevant configurations
could be in fact correlated center vortices and monopoles. It is easy to see that this
situation can also be accomodated by using Cho decomposition. In the example at the
end of section |, when discussing a typical monopole configuration with a@ = ¢, 8 = 6,
we considered the case ¥ = —p. On the other hand, in that example, a parametrization
of the pure monopole sector with v = 0 cannot be done as this would imply a nonsingle
valued mapping. However, as we have seen in section [ the center vortex sector can be
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parametrized on top of the monopole sector U by means of a nonsingle valued V. The
consideration of v, = +¢ in eq. (1), and the monopole defined by v = —¢, leads to a
well defined local frame to decompose the gauge fields. According to egs. (2:26) and (b.3),

the Yang-Mills action can be written in terms of C’,Sn), which in this case is given by,

n 1
C;(L ) = ;cos@@ugo, (7.21)

which represents two center vortices (on the positive and negative z-axis, respectively)
attached to a monopole placed at the origin of coordinates.

General configurations with center vortices forming monopole/anti-monopole chains
can be similarly parametrized. Of course, when two center vortices coincide we have in
fact a Dirac worldsheet that is not physical, and that could be changed by means of a
gauge transformation.

As correlated monopoles and center vortices can be constructed in terms of a local
frame parametrized by the usual U and V sectors, their contribution to dfffj) is similar to
the above calculation, with the difference that now it is concentrated on vortex worldsheets

attached to monopole worldlines.

8. Effective model
If closed center vortices are thick, we can consider in eq. ([[.1]) the replacement dfffj) =
dffy”) + dfﬁ) — deZL’, as df}i,) is concentrated on M,

1 n 1 m
/M dix §Auydf“) = /M d'z §>\Wdfw). (8.1)

We also note that the integration over AL"), a field living on M, represents a Dirac delta

functional 5M[%6Wp08,,/\p0 — Jﬁ], defined as a constraint on M, which depends on fields
not transformed when a gauge transformation is performed (see egs. (5.11) and (6.§)). In
addition, k,, and the last term in the exponent of eq. (7-I1]), defined at M, are also
gauge invariant (cf. egs. (p-9) and (B.17)). Therefore, if a gauge transformation along the
local color direction 7 is considered, the only change in eq. ([(.11) occurs in dff,,n), the Dirac
worldsheet coupled with A, leaving the monopoles, represented by O,dyy’ = Oyhy’ , fixed.

If gauge transformations remain unbroken by infrared quantum effects, the Dirac world-
sheets are unobservable, and any choice for them is equally acceptable, only their borders,
where monopoles are localized, are physically relevant. In ref. [0 we show that when
working on the whole Euclidean spacetime, for a given monopole configuration, and for
each B, realization, it is always possible to choose a Dirac worldsheet such that,

2

1 m
/ d*z 5B,de) =7 d*0,, By = 0. (8.2)

The argument to obtain this condition depends on the possibility of continuously deforming
worldsheets with fixed boundaries one into another. As this is not generally valid on M,
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in order to give a simplifying choice, we can consider the extension of the fields inside M

1
4 m
/ d'z §A,Wdfw>

m 1 m
= / diz L S Awdyi) — / d'z SN\ dfl)
= / d*z ¢, 0,d) + / et 5By v — / dha t Awd m), (8.3)

On the other hand, using Gauss theorem, the boundary term depending on C,Sn) in eq. (.11
(n)

will give a relevant term, as Cj,

and write,

is topologically nontrivial there. At large distances, this

(n)

term can be estimated by considering the extensions of A, and C,;” inside M, and using

Gauss theorem to write,
/ d*z 9, EC’C(,")EWMA,,,,} . / d*z 0, EC’C(,")EWMA,,,,}
M M
1 1
= [ d*z =2 (dP) +dm — pm) —/ A4z Z€40peOp A, CIY, 8.4
/M 9 (dy, i ') 7 o CupoCptvp (8.4)

where the parentesis corresponds to —ﬁgfj), rewritten by using eqs. ([.10) and (7.12). Here,
v)

as dfw is concentrated on M, we can replace M — R* in the corresponding integral. Then,

using egs. (B)-(B-4), we get,

/ d4117 1)\“1/(1;(3/) +/ d433 a“ [lcgn)e,uypoAup} =
M

- / 0 8,0, / iy Awd@ +0W)

=I5 o B Y (74 Ay 6y - fdyu%)w() (55

This equation gives the coupling of ¢, with the monopole/anti-monopole ensemble plus the

coupling of center vortices and the sector By, which represent the U(1) color current Jy-

Terms only depending on regular fields, such as A, Afln), ®,,, when extended to the
whole Euclidean spacetime, will introduce additional terms of order §. Now, when 9 is very
small, or equivalently at large distances, we will disregard the terms of order §. In addition,
the contribution associated with the region M, inside the vortex cores, will be taken into
account by simply replacing Sj; by the large distance behavior Sy, for the physical center
vortex profile, as this is the dominant term inside the core. Here, ¥ is the two-dimensional
worldsheet around which thick center vortices are localized (X C M). The action Sy is
expected to contain a Nambu-Goto term, representing physical objects (see [1]), plus other
possible terms associated with rigidity [F1].

In this manner, in order to study the feedback, on gauge fields, of a phase where
center vortices become physical and Dirac worldsheets remain unobservable, it is sensible
to consider the approximation,

Zym ~ / [DB)[DFLFS, e SpPul=Som Buvdul, (8.6)

— 21 —



where )\, is given by eq. (F.3) and,

e—Splhw] — / [DA™)[DO|[DA]Fy; x

Xe—sc+ifd4x [(%Ewmayxpo—Jé‘)A,(Z”+%>\Wk;w} X e~ [dtz %)‘HV)‘M”7 (87)

iz v d?o v B V+4_7r ij ( d - —d )
e—Sv,m[BW@u} _ /['Dvor] [’Dmon] ezg o $d*ouw Buy+i g > J fc;r Y Pu fci Y Pu ’ (8.8)
[Dvor] = [DV] e™=. (8.9)

If monopoles are uncorrelated with closed center vortices, based on eq. (B-§) we can write,

Sv,m[B/u/a ¢u] = S’U[B/M/] + Sm, [¢u]7 (810)
where,
o= SulBu] _ / [Dvor] e'5 2o § @ou Buv (8.11)
iir Zij (f + dyu ‘f’u_f — dyu ¢M)
G_Sm[(bﬂ] — /[Dmon] e g9 Cj Ci . (812)

On the other hand, for correlated defects, with center vortices forming chains of monopoles
and anti-monopoles, it is easy to see that we have to consider in eq. (B.6) the replacement

l
Sv,m - Sv,my

, iZ 3, [ Ao Bu+itt Yy, Ay bu—9,.— dyu ¢
e_S’u,m[BHV7¢)H] :/[DVOI‘][Dmon]e g f uv Dp g J(fcj+ Yu P fci Yu H), (8.13)

where B, is now integrated over vortex worldsheets attached (in pairs) to the correspond-
ing monopole worldlines.

In general, the main nonperturbative information induced by the gluon fluctuations
has been included in the modified measure for the ensembles of defects. Similar represen-
tations have been discussed in 3D gauge models with monopoles and charged fields (see
refs. 52, Bd)).

Note that in eq. (B.7), Sp[A.] contains no reference to the local frame 7;, as the fields
Afln), ®,,, ..., are simply dummy variables. Then, this term coincides with the dual action
for the linearized form of Yang-Mills theory, discussed in refs. [54]—[fg], for the usual gauge
field decomposition with respect to the canonical frame. The universal character of the
mapping between a charge current and a topological current (cf. eq. ([.§)) in this type of
dual representation has been discussed in ref. [57].

The Ay, path-integration in eq. (B7) leads back to the standard quadratic term for
the action of a charged field ®, coupled with the U(1) gauge field Affl). As discussed in
refs. [B4)-[B4], as k.. is also quadratic in the charged fields, the ®, path integral gives a
functional determinant. The one-loop calculation, including ghosts and lagrange multipli-
ers, has been carried out in ref. [5]. Using that result, the dual action Sp[),.] can be

written as a gaussian path integral in AL"), where the exponent contains a combination
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of f,y,ﬁ) f,y,ﬁ), eu,,p(,(‘),,)\pgA,(f) and A, Ay, which can be performed, with the gauge fixing
condition 8uAfln) = 0, to obtain,

N 4175 1 - 1
o] ~ / i [ZHMWHH b ﬁ)AWAW} , (8.14)
ﬁu = euupaau)\pa = euupaaqua- (815)

Integrating by parts the first term in eq. (8.14) and the crossed term that appears when
using eq. (7.J), the dual action can be written in the form,

S0l ~ [[ate [ 1040 BB+ 104000 - 0,0,2] . (510)

where o = v + 3 and an additional term proportional to 8, B, has been eliminated by
taken into account the gauge fixing condition ([.4)), or more precisely, by translating the
lagrange multiplier £, in eq. (7.6) to cancel the additional term.

For instance, let us consider a phase where closed center vortices, uncorrelated with
monopoles, become thick tensile objects. In this case, we can write,

Zym ~ / [DBI[D|FFLy e el x

xe f diz [% (14a) BLWB;W“‘%(1+ﬁ)(au¢u—au¢u)2]—Sv [Buv]—Sm[opul , (817)

where I[),,] contains perturbative interactions between B,,, and ¢,.

The representation (B.17) is suitable to study the interplay between the different sec-
tors of Yang-Mills theory. First, we note that S,[B,,] in eq. (B-11) is symmetric under
the transformation B, + d,X, — 0, Xy, as the vortices are associated with closed two-
dimensional surfaces.

At large distances, and noting that the mass dimension of B, is two, the following
form is expected,

1 vV
So[Buw| = /d4x FHWPH“ r
1 ~ -
~ /d4x FHMHW (8.18)
H, = €00y Bpo, Hyp = 0,Byp+ 0yBuy + 0By, (8.19)

In fact, this can be compared with the situation in 3D Euclidean spacetime. In that
case, thick tensile center vortices would be closed strings and S;; would contain a term
proportional to the string length, with a positive mass (there is an energy cost to enlarge the
center vortex). From polymer physics, it is well known that an ensemble of such observable
strings can be considered as a second quantized field theory for a complex scalar field (with
positive mass) coupled with a field B, which is analogous to B,,, now representing the
charged sector in 3D according to,

JF = H, = €,,,0,B,. (8.20)
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Because of the mass scale, the large distance effective action after path integrating over
the scalar field is naturally dominated by a Maxwell term, (1/A2) H,H,,.

Similarly, coming back to 4D, for thick tensile center vortices the mass scale in Sy is
expected to imply the large distance behavior in eqgs. (B.1§), (B.19) (see also refs. [5g]-[61]).
This, together with the Bfw term in eq. (B.17), implies that the charged sector represented
by B, contains a massive Kalb-Ramond action. On the other hand, if no mass scale were
associated with center vortices, S,[B,,] would be a complicated nonlocal action with no
well defined large distance expansion. With regard to the relationship between Yang-Mills
theories and a (confining) string theory see ref. [p3, 3.

Then, if the off-diagonal mass A, is the larger one in the model, greater than the
mass scale that can be generated in the monopole sector, the B, field is decoupled at
large distances,

By, = 0. (8.21)

According to eq. ([(.§), this can be interpreted by stating that the sector of physical center
vortices leads to a phase where a chromoelectric current is driven to zero, decoupling the
charged sector in Yang-Mills theories.

In this scenario, the partition function is dominated by a compact QED(4) model for
the field ¢,. As is well known, this type of model is confining in a phase where monopoles
condense [[[d]. As usual, this phase can be analyzed using tools from polymer physics,
where the ensemble integration over string-like monopoles, can be represented by means
of a second quantized complex field 1), coupled to the gauge field ¢,, (see refs. b4-167, &7
and references therein). In fact, in ref. 23], the Yang-Mills effective theory in a monopole
background has been considered, showing that these objects are unstable. This corresponds
to considering the squared mass for v as negative, and taking into account contact interac-
tions between the string-like monopoles, a quartic term A(¢)? in 1-language, to stabilize
the system. In other words, the field ¥ undergoes a spontaneous symmetry breaking, repre-
senting the condensation of monopole degrees of freedom, and ¢, becomes a massive vector
field, with a mass scale that has been assumed to be smaller than Ag, the off-diagonal mass
that first decouples the charged sector.

9. Conclusions

Recent studies in pure Yang-Mills theory, that include as nonperturbative information the
Gribov horizon and possible condensates, point to infrared suppressed gluon and ghost
propagators. If on the one hand this behavior implies the abscence of gluons in the asymp-
totic spectrum of the theory, it raises the problem of how long range confining quark
interactions can be implied. One promising source for this type of behavior resides in
the inclusion of topological defects, looking at the possible phases that could be induced
by nonperturbative gluon fluctuations. This is one of the reasons to search for a simple
description of continuum Yang-Mills theory including all topological sectors. In the first
part of this work, we have obtained such a description, by unifying monopoles and center
vortices as different classes of defects in the local color frame n, = Ré,, R € SO(3), used
in Cho decomposition.
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In the second part, relying on this procedure, where center vortices are constructed on
top of monopole configurations, we have derived an effective model for Yang-Mills theory
where the main nonperturbative information has been parametrized in a modified mea-
sure for the ensembles of defects. In this scenario, abelian dominance can be understood
as the feedback, on the charged modes, of a phase where center vortices become physi-
cal, leaving a compact abelian theory which is expected to be confining in a phase where
monopoles condense.

When studying abelian projection scenarios, the gauge fields are generally separated
into “diagonal” fields, living in the Cartan subalgebra of SU(N), and “off-diagonal” charged
fields. For instance, in the case of SU(2), the uncharged sector can be chosen along the é3
direction in color space, while the components along é; and é, correspond to the charged
sector. In Cho decomposition, this separation into charged and uncharged sectors, with
respect to an abelian subgroup of SU(2) rotations, is also implemented, with the advantage
that it is naturally done along a general 13 = 7 local direction in color space.

Compared with the field strength tensor computed in refs. [L9-[J], we have identified
two types of singular terms, when working with color frames containing defects. The first
one, Euv in eq. (R.13), depends on defects of the third component ng = 7, and occurs in
the charged sector of the field strength tensor. In section f], we have seen that in order to
preserve the U(1) symmetry of the theory, associated with phase transformations of the
charged field ®, = %(X; + z'XZ), the possible singularities are restricted by the condition
EW = (. This implies that 7 can have at most defects concentrated on closed strings. As is
well known, this corresponds to monopoles, characterized by I15(S?) = Z, and a piece h,(ff,),
with nontrivial divergence, added to the the dual field strength f,y,ﬁ), in the zero charge
sector of the theory.

The second type occurs when trying to express the monopole part hfff,) of the dual
field strength in terms of the monopole potential C),. When the components 7; and 7y
contain defects, h,(ﬁ,) and iNL,(fL) = €upo0,Cy differ by singular terms which are important to
understand the possible consequences of the ensembles of defects in Yang-Mills theory.

In particular, we have seen that when a monopole singularity for n occurs, this is
accompanied by defects of 1 and 79 on an open two-dimensional worldsheet, having the
monopoles at the boundaries. This defect corresponds to the Dirac worldsheet. If we
stay close to the worldsheet and go around it once, the components ni, ny rotate twice.
This is associated with the magnetic flux 47 /g carried by the Dirac worldsheet, match-
ing the magnetic flux 47 /g emanating from monopoles in nonabelian theories. For fixed
monopole positions, the Dirac worldsheet can be changed by performing a topologically
trivial SU(2) gauge transformation, representing a rotation along the 7 direction. As long
as this symmetry is not broken, the Dirac worldsheets remain unobservable objects.

The discussion above led us to consider other possible defects of the local color frame,
concentrated on closed two-dimensional surfaces, such that the components n1, fig rotate
once, when we go around the defect, and the third component 7 is nonsingular on these
surfaces. Precisely, these defects correspond to center vortices carrying magnetic flux
27 /g. In short, center vortices can be associated with the nontrivial first homotopy group
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IT; = Z(2) of SO(3), which defines a general local color frame by n, = Ré,, R € SO(3).
A general distribution of defects can be obtained by constructing center vortices on top of
the monopole configurations.

The important point is that although R € SO(3) can be thought of as an adjoint
representation of an SU(2) mapping, when center vortices are present, they cannot be
associated with a topologically nontrivial “gauge” transformation. In this case, the nec-
essary SU(2) transformation would not be single valued, and additional defects localized
on the three-volumes where this transformation is discontinuous would also be introduced
(ideal vortices).

This opens the possibility of two different behaviors. While open Dirac worldsheets
remain unobservable, no symmetry is present to protect thin center vortices from a desta-
bilization into physical thick center vortices.

In fact, the use of center vortices and monopoles as a reasonable phase, that serves
as a background to include gluon fluctuations, depends on their stability. In turn, this
stability can be studied by means of the path integration over gluon fields, analyzing if
the probability to persist in the fundamental state, in the given background, is less than
one. Indeed, lattice simulations point to the idea that center vortices become stabilized
by generating a finite radius, with a thickness of the order of 1fm. In that case, the
parametrization of center vortices in terms of defects of a local frame is only valid outside
the center vortex cores.

After gauging out the Dirac worldsheets, we obtained a representation for the partition
function where the main nonperturbative information induced by gluon fluctuations has
been parametrized in a modified measure for general ensembles of center vortices and
monopoles, which are coupled with the dual form of SU(2) Yang-Mills theory. This dual
form depends on fields ¢,, B,,, and coincides with the one that would be obtained in
Yang-Mills theory without defects, and using the usual canonical basis to decompose the
gauge fields.

If center vortices were thin objects, the associated ensemble integration would imply
complicated nonlocal terms for B, with no well defined large distance expansion. By
the way, in this case, a representation similar to the one presented here could be useful
to study the possible effect of nonperturbative gluon fluctuations on monopoles and thin
center vortices.

On the other hand, in a phase where center vortices become thick tensile objects,
uncorrelated with monopoles, we have shown that a massive Kalb-Ramond term is expected
to be induced. If this “off-diagonal” mass happens to be the larger one in the model, the
B, field decouples at large distances, By, ~ 0, and the partition function is dominated
by a compact QED(4) model, which is known to be confining when monopoles condense
(see [, [G, [6§] and references therein).

The scenario we have presented can be compared with other destabilizations in Field
Theory. For instance, if a Fermi liquid in 1D, associated with gapless fermion modes in
(141)D, is coupled to phonons, the path integral over the gapless fermions induces a Peierls
instability, where the phonon field aquires a nonzero expectation value. In turn, the effect
of this instability can be analyzed by coupling, from the beginning, the previously gapless
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fermion modes with the modified phase for the phonon field. This feedback leads to fermion
modes that acquire a gap, that is, a metal-insulator transition is induced.

In our case, from a physical point of view, because of the dual mapping J; =
(1/2)€u1ps 0y Bpo, the decoupling of By, can be interpreted by stating that the sector of
physical center vortices leads to a phase where a chromoelectric current is driven to zero,
thus characterizing a superconductor of chromomagnetic charges. This also suggests that
the feedback of an induced finite radius for center vortices, due to gluon fluctuations, is
the decoupling of the charged sector in Yang-Mills theories, that is, abelian dominance.

It is important to emphasize that how thin center vortices could be destabilized into
a phase of thick vortices is still an open problem. We believe that it would be interesting
to pursue further studies to characterize the stable phase when monopoles and center
vortices coexist.

In this regard, we would like to underline the following points.

Following Petrov-Diakonov approach [@}, the procedure we have followed here for the
partition function can be adapted to represent the Wilson loop and discuss the conditions
to obtain an area law and the associated long range confining interactions [9. As occurs
in egs. (B.§) and (B.13), where the monopole sector couples with ¢, and the center vortex
sector couples with B,,,, in the Wilson loop average there will be terms where monopoles
and center vortices couple with ¢, and R,,,, respectively; these fields are defined similarly
to eq. ([.3) by,

Suv = Ouy — Oy + Ry, (9.1)

with,
Outhy =0, OyR,, =0, (9.2)

where s, is a source with support on a surface having the Wilson loop as boundary. That
is, 1, depends on J,s,,, concentrated on the surface, while R,, depends on €,,,00, 5,0,
concentrated on the perimeter.

In the above mentioned phase where closed center vortices become thick tensile objects,
and they are uncorrelated with monopoles, the vortex integration will lead at large distances
to new terms depending on the perimeter, so that in this case the area law is expected to be
only due to the monopole sector. Note that this situation corresponds to nonpercolating
vortices, as the large distance behavior in eq. (8.1§) corresponds to an ensemble where
large tensile objects have vanishing weight.

On the other hand, when center vortices percolate, the large distance behavior in
eq. (B-1§) cannot be applied. In this case, the ensemble integration in egs. (B.§) and (8.13)
has to be discussed separately.

In this respect, it is important to note that the coupling of closed center vortices with
R, gives the linking between them and the Wilson loop. In the lattice, when center vortices
percolate, the average of (—1)", where n is the number of vortices linking the loop, is known
to be associated with a confining phase (see [f] and references therein). It is also interesting
to note that this type of factor would also be present in our representation when chains of
monopoles and anti-monopoles joined by center vortices are considered (see ref. [f9]). In
this case, n would be given by the number of chains linking the Wilson loop. However,
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differences when compared with a model only containing percolating center vortices are
expected, because of the new couplings between defects and the dual fields ¢, and B, .

Here, we have shown that the role of a phase of tensile center vortices is that of
abelianizing the theory at large distances. In this case, the area law is produced by an
uncorrelated sector of monopoles. However, it would be very interesting to study a phase
formed by percolating chains of monopoles and anti-monopoles as according to refs. [B7]-
BY) they could be the relevant configurations to accomodate all the properties that should
be displayed by the confining potential between quarks. The representation we have derived
could play an important role to implement such studies in the continuum.
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A. Covariant derivative in “abelianized” form

Using egs. (B.9) and (R.I1)), we obtain,

D, XM = i (8, X} — gATX2) + n2(0, X2 + gAP X))
+ X001 + X20uho + +[(Xph1 + X2h2).0,0). (A1)

Now, projecting with n;, we get,

i.D, XM = 0,X), — gAP X2 + .0, X2, (A.2)
f2. D, XM = 9, X2+ gA X} + 9.0, X,
= 0, X2+ gA, X} — 11.0,72 X, (A.3)
w.D, XM = = X n.0,m1 + X200, +
+(X 1 + X2ig).0,0 = 0, (A.4)
and defining,
—gC") = 119,70, (A.5)

(]

we obtain eq. (R.14).

B. Decomposition of “pure gauge” fields

For a generally nontrivial U € SU(2), single valued along any closed loop, we have,

—

. N .
éUc‘)uU‘l = ?ZZtr(UOMU_lma.T) . T
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27 =
- ?Z tr (U9, U UT U1 1. T

a

_ _é S tr (U9, UT?) 1. T

(B.1)
On the other hand, recalling that 73 = 273, ¢T3 = [T, T?], we can write,
] 2
Ltr[P3U0,U] = Str [T T2U10,U — T2T'U10,U]
g g
2
=t [T'T?0,U~'U + T°T'U~10,U]
2
= —gtr (ortv-Hhur?*o, Ut + (UT'U Yo, UT* U
2
= —;tr (orTtv~YHo,(UT*U ). (B.2)
Then, defining UT*U~! = 1,.T, and using tr (TeT?) = %5‘“’, we get,
Lo [PUT0,U] = — Lty Biing = O™ B.3
;T’[T H]——;ml.“mg— oo ()
Working in a similar manner with the other two terms in eq. (B.1)),
i . S DN DU
EUOMU = -C/m+ ;(mgﬁum) my + ;(m.@uml) my |.T (B.4)
where we have defined mgz = m. Now, noting that,
1. . 1, . .
——1 X Oy = ——1m X Oy (1 X o)
g g
oo . A\ A
= E(mﬁ“ml)mg + (Mg.0ym) 1y, (B.5)
we finally obtain,
. 1 .
éU@MU‘l =— <C§Lm>m + S aum> . (B.6)

The results above have been previously obtained in [[((], by following a different route.
Note also that the expression éU 9,U~" in eq. (B:4) treats the different elements of the
frame symmetrically, so that we can single out any of them to make the decomposition.
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